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Abstract

The group of diffeomorphisms of a compact manifold acts isometrically on the space of
Riemannian metrics with its L2 metric. Following Amaudon and Paycha (1995) and Maeda,
Rosenberg and Tondeur (1993), we define minimal orbits for this action by a zeta function reg-
ularization. We show that odd dimensional isotropy irreducible homogeneous spaces give rise to
minimal orbits, the first known examples of minimal submanifolds of infinite dimension and codi-
mension. We also find a flat 2-torus giving a stable minimal orbit. We prove that isolated orbits are
minimal, as in finite dimensions.
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1. Introduction

Let X be a Riemannian manifold with an isometric action of a Lie group. If X is finite
dimensional, it follows from Hsiang’s theorem [7] that orbits of minimal volume among all
nearby orbits of the same type are in fact minimal submanifolds of X . Gauge theory provides
an infinite dimensional analogue of this situation, where X is the space of connections on
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a principal bundle over a compact manifold M, and the Lie group is the gauge group. In
[8,14] minimal orbits were defined in this context by a zeta function regularization and
examples of minimal orbits were given. Zeta functions enter the discussion since in finite
dimensions the first variation formula computes the variation of the determinant of the metric
on a submanifold; in infinite dimensions this determinant is formally the determinant of a
Laplacian-type operator and is defined by Ray—Singer/zeta function regularization. Thus the
infinite dimensional geometry of the space of connections is related to attempts to quantize
Yang-Mills theory, since regularized determinants are also a key element of semiclassical
Yang-Mills theory.

The regularization actually computes Try II, the component of the trace of the second
fundamental form in the direction N; an orbit is minimal if Try I = O for all N. The
regularization in [14] had the disadvantage of being finite only for certain orbits. In [1], a
term was added to the regularization which guarantees that the new regularized definition of
Try 1L is always finite. This counterterm is zero in finite dimensions, so both regularizations
generalize the usual notion of Try 1.

In this paper we treat a different physically interesting case of an infinite dimensional
Riemannian manifold with an isometric action of an infinite dimensional group. Here the
manifold is M, the space of Riemannian metrics on a fixed compact manifold X, and the
group D is the space of diffeomorphisms of X. The determinants that appear here should
relate ultimately to quantum gravity.

It turns out that the case of Riemannian metrics is technically more difficult to handle than
the gauge theory case, as here the group carries no natural metric. The resulting Laplacians
used to define the regularization thus depend on a fixed choice of metric on X, and these non-
natural Laplacians must be related to the natural Laplacians that have appeared previously
in discussions of M. The theory also becomes more complicated when orbits of varying
type occur. The main results are as follows (Theorems 3.1-3.3 and 3.5).

Theorem 1.1.
(1) In odd dimensions, the orbit of the volume one G-invariant metric on an isotropy irre-
ducible homogeneous space G /H is minimal within the space of volume one metrics

on G/H.

(i1) The orbits of the flat 2-tori of volume one associated to the the points (0, 1) and
( % , %\/5) in the upper half plane are minimal within the space of all flat tori of volume
one. The orbit associated to ( % %«/5) is a stable minimal orbit.

(ili) An orbit of isolated diffeomorphism type is minimal.

Note that the isotropy irreducible homogeneous spaces include the symmetric spaces,
but many more examples exist. These spaces are minimal orbits of infinite dimension and
codimension. Part (iii) is an easy corollary of Hsiang’s theorem in finite dimensions, but is
non-trivial in infinite dimensions.

The paper is organized as follows. In Section 2 the first variation formula in finite di-
mensions is rederived in terms of the zeta function of a finite dimensional transformation
which is the analogue of the Laplacians appearing in infinite dimensions. This serves as



Y. Maeda et al./ Journal of Geometry and Physics 23 (1997) 319-349 321

motivation for the later sections. We also discuss the effect of varying the metric on the
submanifold, which is an unnecessary complication in finite dimensions but is forced upon
us in infinite dimensions.

In Section 3 we handle the case of M. Section 3.! gives the general theory in infi-
nite dimensions, Section 3.2 computes minimal orbits of flat 2-tori, Section 3.3 treats the
case of orbits of varying type and discusses isotropy irreducible homogeneous spaces, and
Section 3.4 gathers some local computations of the Laplacians used.

2. The finite dimensional case

In this section we rederive the first variation formula for an immersed submanifold M of
a Riemannian manifold (M, %) in terms of the eigenvalues of a finite dimensional operator.
Each step in this calculation has counterparts in the usual derivation (cf. [12, Ch. 1]).
Afterwards, we modify the first variation formula to motivate some calculations in infinite
dimensions.

Leti: M — M be the immersion and set L = Ly, =di,: T:M — T,-mﬁ. We fix a
Riemannian metric g on M. To be consistent with the notation in the rest of the paper, we
set A = Ay = L*L:T:M — TM. (To be strictly consistent, we should relabel L* as
Z*,) There exists an orthonormal basis {¢;} of T, M consisting of eigenfunctions of A e,
A¢; = X;¢;. Since i is an immersion, A; > 0. If we let X; = L¢;//A;, then {X;} is an
orthonormal basis of T;(,)i(M). For a fixed x € M, we may extend {¢;} near x so that
Aydi(y) = 1 (y)¢i(y) for all y in the neighbourhood U of x.

Take a variation F: M x (—e.€) — M with variation vector field N, = dFy.0)(0a),
where « is the parameter for (—e€, €). We assume N L i(M). (Strictly speaking, N ¢
[ (i*TM), but near x we may write N € I"(TM).) Let X" denote the projection of a vector
X e TM into the normal bundle to di (T M) (which is locally defined) in TM. Then Try I,
the component of the trace of the second fundamental form at x in the directionof N = N,
is by definition

Trx 1T = ((Vx, X0)". N)g.

where V is the Levi-Civita connection on M and we are using summation convention. Here
we omit mentioning the point x in Try II. Using (X, N} = 0, we get

TrN II: (VX’.X[, N) = _(Xiv VX,'N)
= _<7A_L, VL¢!/\/EN> = —A—i(thn VigN).

Here and from now on all inner products are with respect to g unless otherwise noted.
We now extend ¢;, N to vector fields on U x (~—e€,€), F(U x (—e, €)), respectively, by
trivially setting ¢; (y, a) o i (y,0) and setting Nr(x o) = dF(x ¢)(9¢). L also extends to
the operator dF : TU x (—¢,€) — TM. Thus

1 1
Try Il = —;(L¢i, VnL¢i) — ;(L¢i., (Lo, N]).
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The last term vanishes, since [L¢;, N1 = [dF(¢;), dF(3y)] = dF|[¢;, 3,1 = dF(0) =0,
and so

Try I = —~£—(L¢>,~, VnLé;). (2.1)

1

Remark. Let G = 27" be the “Green’s operator” for A. Then (2.1) becomes

Tey M= —(LG¢i, VnLei) = —(#i, GL*VN L)
=-Tr(GL*VyL)

00

1 —_—
=—— | F ' Tre"2L*Vy L) dt|s=
e, (e yL)dels—)
0

o0
:fts Tr(e_’ZL*VNL)dtlszo. (2.2)
0

Let Z(s) = Y_;(A)~* be the zeta function of A. Then ¢ (0) = dim M, and so the variation
of Z(0) in the direction N satisfies & ~C(0) = 0. Thus we may rewrite Try II as

(o]

1 - A SnZ(0)
Trn = ——— | £~ ' Tre "2 L*Vy L) dt|s=) — )
Iy o) r(e NL)dt[s=y G-1) .
0 y —

2.3)

Following [1,14], we will use (2.3) as the regularization of Try I in infinite dimensions. (In
[14], the next to last line in (2.2) was used as the regularization, and the importance of the
last term was shown in [1].)

Continuing with the derivation of the first variation formula, we set g, to be the restriction
of g to Tr(x,a) F(M x {a}), and let

La’ = dF(xva)|Tan .
By (2.1), we have

1 1
Ty 1= = (Lgv, VL) = ——N (Lo, L)
Ai 2A;
co b L (L Labig, = 5 | (e )
= 7 da o a®is Lo o 2 da - aPi, Pilg
1 —
= =51 (.00, 0. @4)

where 84 A denotes the variation of A in the direction o.. This expression is independent of
the extension of the orthonormal basis {¢;} on U to an orthonormal basis on U x (—¢, €).
So extend {¢;} to (¢:(y, @)} on U x (—e, €) so that Aadi (@) = ri(a)¢i(a) (dropping y
from the notation). Note that this is not the same ¢ (y, «) as before. Then for § = §, and
Ai = (d/da)|g=oAi, the formula (§44)¢; + Ax(8¢;) = Aigi + Ai8¢; at a = 0 yields
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(A1, Gi)g = —(80i, Adi)g + (hihi, Pi)g + (Midi. Pi)g
= — i (8¢i. Pi)g + Ai + i (8¢, iy
=i, (2.5

Combining (2.4) and (2.5) gives
] Ai
Tyl =—= —. 2.6
vy 5 Z y (2.6}

We remark that there may be trouble defining A; where an eigenvalue bifurcates, but this
difficulty disappears when we sum over i, so the computation above is valid.
For £(s) = 3_,(A)~*, it is easy to check from (2.6) that

Trn 11 = 162 (0).

An infinite dimensional analogue is given in (3.9).
Now let {¢}} be the frame of 7*M dual to {¢;}, and let dvol be the volume form for
i(M)ati(x). Then

1 ).\i * *
— Try dvol = 7 Y o det V2((Li, Le)PT A< A by

i

1 ).\i e *
=525 det P (Agi. i A 1]

1 i[ l/2 .
=3 S (IIs) e

1 -2 :
=§Z(HA,~) PNTEIREY MEEERETS VERR) VIR ¥

i

XPI ANy
172
=N((HA,-) )¢7 A AP 2.7)

Also, the volume form at F(x, «) is given by

12
det]/z((LaQbiq La¢j>)¢? A e /\qb:: = (n),,(d)) qu A /\qb; (2.83)

(cf. [12, p. 8)). Combining (2.7) and (2.8) gives
— (Tr1II, N)dvol = —Try Il dvol = N(dvol). (2.9)

This is the first variation formula, which is usually written in the global form

—/(Trll,N)dvol: N / dvol
M M
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We now discuss the effect of allowing the metric g, on M x {a} to vary with . Of course,
there is no need for this complication in finite dimensions, but it cannot be avoided in the
next section.

So put the metric go @ da? on M x (—¢, €), where go = g. By (2.4), we have

1 d 1 d

Tyl = —— — Lobi. Lati)s = ——— — Audr. bi)e .
N 2% da a:0< ai a¢1>ga 2X da a:0< ai ¢l>gu

Here A, = L} Ly, where L7, is now defined by
(La®, ¥z, = (& LoV )ga-

Thus

1 1 b
Ty Il = —2—)\‘_((5Aa)¢i, i)y — Z_M’Nah(A(pi)u(p,' ,
where N,p = (d/dar)|q=08e. Thus we can write 6y for § = 8y. Using A¢; = A = A;
ata = 0, we get

i

1 _ 1
Tey 1= =5 3 {640~ A7 "9, b1 = 5 D, Navdi'¢]
i

1 o0
= / ['Y_l Trg((SN Aa - e“,A) dt's:l
0

2I(s)
| ”
- E Zgbxg“ Nca¢,{1¢,b-
i
Now set
o
1 s—1 —tA
In(s) = o) T Trg (BN Ag - 27 ) dt,
S
0
l o0
EN(s)zm/ts_lTrg((SNZa e 'Yy de.
0

The calculation above gives
Ty 1T = — L (v (1) + Tr(V)),

where (N¢)® = g**N4¢",i.e. N lowers an index by N and raises an index by g. Similarly,
repeating the calculation above starting at (2.4) but now using Aq, we obtain

Tey 1L = — 5 p(1).

Thus ¢ (1) = tx (1) + Te(N).
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"
]
N

Finalily,
1 oC
Tr(N) = Te(NA™*)|ymp = —— / "N Tr(Ne T Y di 0.
r'(s)
0

Thus
>

_ 1 i ~ )
Ty =7 () = v + — | 7T Tr(Ne ™ 2) drly—o.
I (s)
0
This formula is the finite dimensional analogue of (3.16), with the operator B in (3.16) a
slightly more complicated version of N and the added difficulty that ker A need not vanish.
While it seems unnatural in finite dimensions to work with ¢y (1), it turns out to be the
natural choice in infinite dimensions.

3. Metrics and diffeomorphisms

In this section we will apply the first variation formula of Section 2 to the infinite dimen-
sional situation of the orbits of the diffeomorphism group of a compact manifold M within
the space of Riemannian metrics on M. In particular, we will define what it means for an
orbit to be minimal within the space of metrics, and relate this minimality to the determinant
of a Laplacian-type operator. This is similar to the gauge theory case considered in |8,14],
and the general theory in [1], but has extra complications arising from the lack of a natural
metric on the gauge group. We also produce several examples of minimal orbits.

In Section 3.1, we set up the general theory when all orbits have the same ditfeomorphism
type. We will apply this to find minimal orbits of flat 2-tori in Section 3.2. For other examples
of minimal orbits, we need to treat the case of orbits of varying type. This is done in
Section 3.3. Finally, in Section 3.4 we collect some local calculations.

3.1. Global theory

3.1.1. The regularized second fundamental form

Fix a compact n-manifold M. Let M denote the space of smooth Riemannian metrics on
M, and let D denote the group of smooth diffeomorphisms of M. D acts on M by pullback:
ify € D, g € M, then ¢y - g = y*g. If we impose standard Sobolev norms on M, D, then
M becomes a Banach manifold and D an ILH Lie group {16]. and the action of D on M is
as differentiable as desired. D is also a group before Sobolev norms are imposed, and once
the norms are chosen, composition of diffeomorphisms produces a diffeomorphism also as
differentiable as desired. We will assume that the choice of norms has been made.

Fix a metric go on M. The orbit O, through g is diffeomorphic to D/S,, where S, is
the stabilizer of go. As in finite dimensions, it would be natural to assume that S,, = {id}.
so that the map ¥ +> ¥*gq is an immersion of D in M. To ensure that all orbits arc of
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the same diffeomorphism type, we will assume instead that the dimension of S, is constant
for all g near go. To make the analogy with Section |, we need Riemannian metrics on
M, D. Now M comes with the standard L? inner product. Namely, M is an open cone
inI” (SZT*M ), the space of (sections of the) symmetric two-tensors on M, and the inner
product of i, k € Ty, M is given by

(h,k)gy = / (0)™* (g0)/ hijkis dvolg,,
M

where we follow the convention of writing a global integral in terms of a locally defined
integrand. Here of course go = (go);; dx’ ® dx/ locally, and similarly for 4, k, with (go)/
the inverse matrix to (go);;. (In contrast to the gauge theory case, where M is replaced by
a space of connections, this metric is not flat.) D acts on M via isometries; the geometry
of M and the quotient space M /D is treated in [4,5].

To put a metric on Ty D, it is sufficient to put an inner product on TiyD and then left
translate it to all of D. However, T;yD = ' (T M) has no natural metric, although once gg
is chosen it has the L? metric

(X,Y)g = / (80)i; X' Y/ dvoly,
M

for X = X'9;,Y = Y'8;. We will also call this metric on D just go.

We now proceed as in finite dimensions. We consider a variation F : D x (—¢,€) - M
with F(y,0) = ¥ *go. We put the product metric gg & da? on D x (—e, €) and set
Loy =dF(id,a): I'(TM) — I'(S2T*M). At the point g, = F(id, @), define Z;, L% by

(Law, Mgy = (@, Lyn)gy = (@, LEN)g,

forw € I'(TM),n € I'(S?T*M). Set Ay = L, Ly, Ay = L% L,. Of course Ag = Ay.
Note that since we must use the product metric as in finite dimensions, we cannot use
the natural operator Ay, but are forced to use the non-natural Za. Our assumption on the
stabilizer is equivalent to assuming that dim ker Ay is independent of a.

Following [1,14] we now define minimal orbits of metrics by means of (2.3). We let {¢;}
be a gg-orthonormal basis of L2(T M) satisfying Ap; = Ap; = A;¢;. As we will see in
Corollary 3.2, A, is elliptic, so such a basis exists for all , and by standard techniques can
be chosen to depend smoothly on . We set the zeta function of Ag to be

HOESPPia 3.1
A0

We similarly define ¢, for A,. This converges for Re(s) sufficiently large, and has a
meromorphic continuation to all of C with a regular value at zero; this follows in a well
known way from the ellipticity of A and the subsequent asymptotic expansion of its heat
kernel. Note that in contrast to the finite dimensional case, the kernel of A need not be
trivial. However, by ellipticity the dimension of the kernel of L and hence of A is finite,
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and is independent of g € O, since Lig = (dw)"Lw dyr, for ¥ : D — D acting by
left multiplication. It follows that Oy, is always a submanifold of A, and that L} Ly, is
isospectral to Li*dLid; in particular, £'(0) for the zeta functions associated to these operators
is constant along orbits.

Definition. The component of the trace of the second fundamental form in the direction N
for the orbit of a metric g is defined to be

o0

. 1 - 3 SN (0)
Try =1 — | 1A vy Lydr —
wWE=M T T Tgo (€ vbydr=201
0

An orbit O, is minimal if Try Il = O for all normal vectors N at go.

Remark. Here V is the Levi-Civita connection for the L2 metric on M, defined as usual
by

2VxY. 2Y=X{Y. Y+ Y(X,Z) - Z(X.Y)
+({X.Y]. 2) +{[Z. X].Y) = {[Y, Z]. X)

(cf. [4]). The term Vi L in (3.2) equals (d/da)|g=0L¢ in a frame in which Vy = 8§y (1.e. L
is varying). Since we are taking the trace at go, we may replace A by A in the integral.
However, Ea (s} = Cq(s), the zeta function for Ay, only at ¢ = 0, so we cannot replace
8n2(0) by 852 (0). Note that (3.20) shows that £, (0) is smooth in « under our assumption,
s0 8x ¢ (0) makes sense. As is shown below in (3.9), the last term in (3.2) subtracts off a
possible pole from the first term, so we can also write

Tyl =FP | —

oC

1 _ -

F(S)/ts "rg (e AL*Vy L) dry=y |- (3.3)
0

where FP denotes the finite part. Note that since D acts isometrically, Try I = 0 for all
normal vectors at go iff the same is true at any g € O, . This is clear for orbits of isometric
actions in finite dimensions, and can be checked by directly examining the right-hand side
of (3.2); an easier proof will be given below.

We now show that the right-hand side of (3.2) is always finite. We have

(.0}
1 ‘
— | T Tr, (e 7TAL*Vy L) df
F(S)/ Tg,(€ ~L)
0

o0
1 s— * —
o fr lZ(L VnLi. e i) g, di
0 !

fl

[o.@)
l s—1 —Ait *
“r(s)/t‘ Xi:e (L*VN L. i) g, dt
0
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0

1 _ L

= —F(S) fts : Zj:e 't<VNLa¢iv La¢i>ga dt|a=0
0

— 1 i s—1 _)\i’ ) ' 4
= 2I(s) / t Ze N{Ly¢i, La¢l>ga dt|g—0 (3.4)
0 i

o0
I
_ t.Y—l e‘l.,‘f e
2I(s) / Z d
0 i
o0
|
_ ts—l —Ajt
2T (s) / IZe
0

— 1 r s—1 A —Ait 4 .
= 21 (s) /t Z<(8Aa)e ®i, Bi) g ds
0 i

(Loz¢i’ La¢i>ga dt

a=0

(Aati, di)g,

a=0

o0
=— /ts_l Trg, (8Ag - ¢ '4) dt
0

21 (s)
= 1T (s), (3.5)
where
- P 1 tA 5 1 —.—tA
In(s) = F(sf Tr, (BAe )ydt = F(sf Try, (8Ae™ ") dt.
0 0

Of course, this computation should be read as being valid for Re(s) sufficiently large,
where the convergence of the integrals is easily established. For example, consider the term
Trg, (8 Ae™"2) in the last equation. The operator y A - e~*4 has kernel (SyA)ye(t, x, y),
where e is the kernel of e™'4, and so has a good asymptotic expansion as t — 0
[6, Lemma 1.7.7]. Breaking the integral f0°° into fol + 1°° and plugging in the asymptotic
expansion into the first integral shows that this integral exists near zero for Re(s) sufficiently
large. Also, since A = Aat go, Tr(dy A-e~4) = Tr(L 8y L-e 4 +8yL" -L-e~'4). Now
the kernel of Le~'2 has exponential decay as t — oo, since ker A =ker L, and hence so
does the kernel of Sy L™-L-e'4. Onker L, (L 8y L-¢ 3¢, ¢) = (SyL-e~'4¢, Lp) = 0,
and 50 Trg, Sy L™ - L - e7*4) also has exponential decay as t — oo. Thus the integral ex-
ists at infinity. (By (2.4) and (3.5), definition (3.2) of the regularized trace agrees with the
definition in [1, (3.5)].)

To proceed with the proof of the finiteness of (3.2), we note that by the Mellin transform

L(s) =

o0
1 —
o / 5 Trg, (e A _ pydr,
0
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where P is the orthogonal projection of LX(TM, g0) onto the kernel of A; adding in this
projection makes the integral finite near infinity.

Lemma 3.1 (cf. [14, Lemma 5.5)). Foralls € C,

(s — Dy (s) = —8nC(s — ). (3.6)

At poles of ¢ y(s), this equation is to be interpreted as saying that the poles of  y ()
coincide with the poles of £ (s) shifted by one.

Proof of Lemma 3.1. By the unigueness of the meromorphic continuation of ¢ y(s) and
£ (s), it suffices to prove the equation for Re(s) > 0. Under the assumption that dim ker A
is constant, we get

— s—1 T _ —. _(A.
(s — 1)¢N(s)=m/r‘ PTr((3y A)e ™4y dr
0
.____l—_ [ s—2 _ “NL—1A
= F(s—l)/t Tr(—t(8yA)e™ 7)) dt
0
1 T ”y
— .\'—28 T —tA
_—F(s—l)/t N Tr(e™ 7)dt
0

o0
1 e A
= | Ty Tre " ~ P)ds
F(S—l)/ v rce )
0

=—8nC(s — D). 3.7

Here we have used (2.5) to write

— 1Ty (BNA e ) =—1 Y e M Sy A i) = —t Y e M,
i i

i
=8y (Z e'}"") =6y Trgyed). O (3.8)
i

Combining this lemma with (3.2) and 3.4), we get

~SnC(s — 1 SN
[ NE(s )+ NC(O)]

1
M= —— Ii
T 2| T s =1 s — 1

s—1

N R

. [—aN[E<0)+sE’<0>+0<s2>] +8NE<0>]

= 18xT(0). (3.9)
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In summary, by (3.3), (3.5) and (3.9), we have
Tiy L= JFPZy (1) = 184 (0). (3.10)

It is standard to relate the right-hand side of (3.10) to the regularized volume element
for O,, at g,. For ¢; fixed to be independent of e, the volume element to the orbit at g, is
formally

\/det((La¢i, Lo®i)g )T Ay A -

= \/det({(Aadi. ¢i)gy)P] A D3 A - (3.11)
= /det((Aa@i, Pi) g )PT NP3 A -+ -. (3.12)

Since the {¢; } are gg-orthonormal (and not g, -orthornormal), it is heuristically plausible that
the expression under the square root in (3.11) should give the determinant of Ay, whereas
the corresponding term in (3.12) should not be thought of as det A,. Using the Ray-Singer
regularization of the determinant of a Laplacian-type operator, we define (the “Hodge star”
of) the volume element to O, to be the non-natural exp(—%f; (0)), where Ea is the zeta
function for A. In particular, (3.10) shows that an orbit is minimal iff it is minimal among
all nearby orbits, provided we assume that all nearby orbits are of the same type (i.e. all
nearby orbits have dim ker L, = dim ker Lo, or equivalently are diffeomorphic to Og,,.
The point here is that the zeta function behaves discontinuously in « if the dimension of the
kernel jumps, so our analysis breaks down.) As in [14, Theorem 5.14], we interpret this as
an infinite dimensional analogue of Hsiang’s theorem in finite dimensions, which reduces
the search for minimal orbits to checking variations only through orbits, and not through
arbitrary submanifolds.

3.1.2. Comparing determinants

In order to produce examples of minimal orbits, we need to compare § NE/(O) with the
more natural §5¢’(0) for two reasons: {'(0), although notoriously difficult to compute, can
be handled in some special cases (cf. Theorem 3.2), and Bleecker’s theorem about critical
metrics applies to natural Lagrangians (cf. Theorem 3.5). Here ¢(s), £, (s) are defined in
the usual way from the non-zero eigenvalues of A, A,.

Looking back at (3.4), we get

- _ 1 i s—1 —Ajt i
EN0) = s /r Yeht
0

7 d
— IS—] —Ajt I
() / D¢ da

0

Denote go just by g. Since (d/da)|q—0ge = N, we have

(L@i, Loi)g, dt
a=0

(Aa, ¢is ¢i>ga dt
a=0

<A(I¢f7 (Ibi)glY

a=0

da
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- / (80)ab®? (A i)’ dvol(gy)
a=0
M

= / Nab¢f(Ao¢i)b dvol(go) +fgab¢?((5Aa)¢i)h dvol(go)
M M

+ fgabd)f’(Aod)i)b(trgo N) dvol(go)
M

= /.[gbsgsC ca¢ia(A0¢i)b + <5Aa¢i~ ¢i>g0

+ (r(N)gi, Agi}gyldvol(go). (3.13)

Define the Oth order operator A on I'(T M) by A : ¢“3, —> 8’ N.q¢“ 3. Note that A lowers
an index by N and raises an index by g = go.
Thus

—_ 1 i ) )
In(s) = m/r*"‘ 3 e M (Ai. Adi)g, + (B Aati. Di)g
0 i

+{r(NYP;, Ad;) g, ) dt

o0
s—1 —tA i ] —tA
i, ATA j Tr,, (6 Aq dt
== f Y6147 26 0 Of WO
1 s—1 -
‘f’m/[ Z(¢i,tr(N)Ae [A(I),‘)god[. (3.14)
0 !

Because g* N, = N} is a self-adjoint transformation of T M, A is self-adjoint. Explicitly.
we have

(Ap. ¥) = /gbsg“Ncm“wb dvol(gg) = /gaq¢“(Nf-’6,‘;w”)dvol(go).
SO
(A*y)? = NZosyP = Nlyb = (Ay)e.

Thus if we set
1 oC
In(s) = m/ts_l Tr(SAae_’A)dt,
0

(3.14) gives
o0

Tals) = Inis) + ?—i—) J £ Te(BAe™4) dr,
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where B is the Oth order operator on T M given by

Bp = A¢p +trgy, N - ¢p.
It is easy to extract from (3.13) that B is characterized by

d
o <¢7 ¢)ga = <B¢a ¢)g()' (315)

do a=0

Using (3; + A)e™'4 = 0 gives
0

Tyls)=Cnis) — R Tr(B3,e"4)ds
N N re) t
0

oo

={n(s) + SF—(—S_; 2 Te(B(e™"4 — P)) dr
0

— _1_ i s—2 —tA _
=¢n(s) + FG—D ft Tr(Be BP)d:. 3.16)
0

Recall that P denotes projection onto the kernel of A = A; this term is added to make the
integrals converge at infinity so that the integration by parts is valid. By the remarks after
(3.2) and (3.5),

Try 11 = $FPZ 5 (1)

(o ¢]

1 1
= —FP D+ —— [ ' Tr(Be™"2 — BP)dr|,—g |. 3.1
> I ( )+F(s) t r(Be ) dt]s=0 (3.17)
0

We now analyse the last term in (3.17). Lete—"4 have kernel e(z, x, eIl (rkMeT,M)
with asymptotic expansion

o0
e(t,x,x)~ Ztk_("/z)ak(x, x) ast |0
k=0

(n = dim M). Then Be 4 has kernel Bye(z, x, y) where B, means B acting in the x-
variable. Thus

Bre(t, x, Y)lx=y ~ D 1" Bray (x, ) |x=y,
k

and so for N > 0,

oo
1
— | #7 ' Tr(Be "4 - BP) dt|,_
F(s)/ r(Be )dr]s=o
0
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! N

1

= e /1‘5‘1 (Ztk—(n/Z)/tr Bai dVOl(go) +O(1‘N) —Tr(BP) dl‘|s:()
0 \o M

oo
1
— | ' Tr(Be™2 —~ BP)dt|,—
+ F(S)/ T(Be Ydt|s—o
1

N
1 fM tr Byay dvol(gg) Niken/its. TT(BP)
§ O +k Pl/~+b _ 0
I'(s) ( k—n/2+s +ou ) s 0+

k=0

f tr Byay 2 dvol(go) — Tr(BP), n even.

M
~Tr(BP), n odd.

Il

(3.18)

In particular, the last term in (3.17) is always finite, so

1 |
Try Il = SFPTy () = o | FPoy (1) +ftr Byay /2 dvol(go) — Tr(BP)
M

with the understanding that the integral is zero in odd dimensions. As in (3.10), this shows
that

1
Tyl = aNg’(0)+/tr B.ay, 2 dvol(gg) — Tr(BP) |. (3.19)
M

To sum up, in odd dimensions the non-local quantities SNE/(O), Sn ¢ (0) differ only by
Tr(BP), and in even dimensions they differ by this term and the integral of a local
expression.

Finally, we discuss the usual volume fixing conventions. As is clear from Lemma 3.2,
under a scaling of the metric g — Azg, we have A — A 2A. This implies that ¢'(0) —
£'(0) + 2log X - £(0). As in (3.18),

/tr a2 dvol(gg) — dimker A, n even,

M
—dimker A, n odd.

¢(0) = (3.20)

Thus ¢’(0) is not scale invariant unless n is odd and we are in the “generic” case ker A = 0,
which corresponds to M admitting no one-parameter tamily of isometries. So in general,
we must restrict attention to infinitesimally volume preserving variations of the metric, or
to those directions N with f y tr(N) dvol(gg) = 0. These directions need not be normal
to Og,. However, writing N = N T 4+ NV in its tangential and normal components, we
have §yr¢'(0) = 0 and so 85¢'(0) = Sn»¢'(0). Thus we will restrict attention to normal
variations which are projections of infinitesimally volume preserving variations N, and
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we still have that an orbit is minimal (among orbits with such variation vector field) iff
Sn¢’(0) = 0. The easiest way to arrange this is to restrict attention to My, the set of
metrics on M of fixed volume k; M is a codimension one submanifold of M.

There are topological conditions which force all orbits to be of generic type. Of course,
the diffeomorphism type of an orbit O, is determined by the stabilizer S,, = ker L.
This is the space of infinitesimal isometries of gg, so dim ker L equals the dimension of
the space of isometries of gg. If AM) # 0, then as noted in [9, p. 59], by a result of
Atiyah—~Hirzebruch M does not admit a circle action, much less a non-discrete Lie group
of isometries. Moreover, if p; (M) = 0, then there is an infinite sequence of characteristic
numbers which are obstructions to M admitting a circle action [13].

3.2. Minimal flat tori

We will now determine two minimal orbits of flat 2-tori of fixed volume and show that
one orbit is a stable minimum. This proceeds in two steps: first showing that we may use
the natural ¢’(0) to compute Try II, and then using the action of SL(2, Z) on the space of
tori to find critical metrics for ¢’(0). Finally, work of Montgomery {15] determines the flat
metric for which ¢’(0) is minimal.

As we will see, the dimension of ker A is independent of the flat torus. This implies that
we can use definition (3.2) to compute Try II, since E(O) is a smooth function of the tori.
By (3.19), Try IT = (1/2)[8n5 ¢ (0) — Tr(B P)] provided

/tr Byaj dvol(gg) =0,
M

whenever g is a flat metric on a torus. Of course the variation direction N contained in the
definition of B must be infinitesimally volume preserving, i.e.

/trgON dvol(gg) = 0.
M

Note that in fact troy N = 0; i.e. N is volume element preserving. For if the torus is
given by the lattice spanned by (1, 0), (a, b), then the volume form for the coordinate chart
X+ x +ay,y > byis bdx A dy and the volume of the torus is of course b. Thus the
condition §y b = 0 is equivalent to both volume preserving and volume form preserving.

Proposition 3.1. On an n-manifold M, Tr(Be™'2) has an asymptotic expansion

o0
Tr(Be™'4) ~ Zt"’wz) / by (x) dvol.
k=0 M

On flat even dimensional manifolds, b, ;2(x) = 0.
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Of course, by (x) = Byax(x, y)|x=y, so the existence of the asymptotic expansion will
follow from that for e ~*4: this in turn is immediate from the ellipticity of A, which we will

show in Section 3.4 along with the proof of Proposition 3.1.

Corollary 3.1. For volume preserving variations of flat 2-tori, Try Il = (1/2)(85¢'(0) —
Tr(BP)).

Proof. 1t is standard that

o0
1 /[x—lTr(Be—tA) dtls—o=/bm(x) dvol
I(s) -

0

M

on a 2m-manifold. By Proposition 3.1, b vanishes on a flat torus. O

We next show that Tr(B P) = 0. Complex structures on §' x §' are parametrized by the
upper half plane H, where the point T = (a, b) corresponds to the torus associated to the
lattice generated by (1, 0), (a, b). Two structures are isomorphic iff the lattices differ by
an element of SL(2, Z) or a homothety. Conversely, a fiat torus comes from a lattice and
so gives rise to a complex structure. However, a homothety of a lattice gives rise to a flat
torus with a scaled metric, so these tori are not isometric. Thus tori of fixed volume are in
one-to-one correspondence with H/SL(2, Z).

Fix (a, b) € H. For the associated torus Té'b) with coordinate chart [0, 1] x [0, 1] —
T(i.b)(x, v) = (x + ay, by), the metric takes the form

1 a
(8ij) = (a a2+b2>

since d, =i, dy = ai+bj, where {i, j} are the standard basis of R?2. Toshow that Tr(BP) = 0
for all tangent vectors N at (a, b), it suffices to consider the cases where N is a vertical
vector or a horizontal vector. (We avoid naming these vectors to avoid confusion with 9y, 9
above.) Consider first a horizontal vector N. When we vary the metrics in the g direction,
the variation two-tensor for the metrics is

N:Ol.
1 2a

(The trace of N is non-zero because we are not working in an orthonormal frame at a
point.) It is easily seen that the kernel of A is two-dimensional on T(i by since the group

of isometries of T(%L b consists of translations and possibly a discrete group of rotations. In
particular, {0,. 3.} span ker A. The L? inner products of this basis are given by

(3y. c) = b, (3x, 8y) = ab, {8y, 8y) = (a® + bP)b,
e.g.

(ax* a)‘> = / gij(ax)i(ay)j dvol = / g12b dx dy = ab.
[0.11x10,1] [0.1]x[0,1]
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Thus an orthonormal basis of ker A is given by {b~1/23,,b73/2(3y — ady)}. As before
Tr(B P) contains two terms, one of which as before involves tr N and so vanishes. The

other term contributes

1 1
Tr(BP) = E(Bax, Oy} + E(B(ay —ady), 0y — ady)
1 -
= E g,'lglchaala dvol
[0.1]x[0.1]
| ic 2a ic la
+F 8i2l8'“Nead™ —a(g'“Negd )] dvol
10,11x[0,1]
a ic 2a ic la
- Z)E / 8illg'“Nead™ —a(g'“Ney8 ) ]dvol
[0.1]x[0,1]
1 1
== Nu + B (N22 —aN12)
[0,11x[0, 1] [0,1]x[0,1]
a
5 (N2 —ahlyp)
[0,11x[0,1]
=0,
since Nj; = 0.

For a vertical vector N, we not only alter b but also rescale the torus to fix the volume. Thus
for ¢ € [0, €] we consider the torus with chart given by (x, y) — ((1 — D~lx +ay), (1 —
t)by); this is the torus of volume & associated to the point (a, (1 — t)zb). (We use (1 — 1)?
rather than ! — 7 to avoid square roots in the calculation.) Now a9, = ((I — t)"' ,0), 0y =
(1 =0y~ la, (1 = t)b), so

@) = ((1 -n7! (1-1"%a
BP= V-2 -2+ -2 )

Thus

2 2a
N =
(?.a 2a* - 2b* )

and
1 1
Tr(BP) = 3 (Bix., dx) + 55 (B(dy — ady). dy — ad)
1 1
=3 N11+b_3 / (N2z —aNj2)
[0.1]x[0, 1] {0,1)%[0.1]
a
5 / (N12 —aNjp)
[0 1]%[0.1]

=0.
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These cancellations indicate that a second proof that Tr(B P) = 0 can be obtained by
mimicking the proof in Theorem 3.5, replacing G by R?, G/H by the torus, and using the
G invariance of the flat metric. We leave this to the reader. In any case, we find that for
volume preserving variations of flat tori,

Try IT = 3852/ (0). (3.21)

This natural equation determines two flat tori whose orbits are minimal.

Theorem 3.1. The orbits of the flat tori associated to the lattices (1,0). (0. 1) and (1. 0),
(%. %\/5) are minimal within the space of all flat metrics of fixed volume.

Proof. The points (0, 1), (%, %«/g) are the only points in the upper half plane with non-
trivial stabilizer for the action of SL(2, Z), and the stabilizer subgroups are isomorphic to
Z,, Z3 atthese points, respectively [18, Ch. VII]. The differential of the action of a generator
of the stabilizer groups therefore acts via rotation of 7, %n at the two fixed points. Since the
action is by isometries, it must take the gradient vector of ¢'(0) to itself. Thus the gradient

vector must vanish at these two points, i.e. 8¢’ (0) = 0. O

The proof above is a (trivial) example of Palais’ symmetric criticality principle; Hsiang’s
theorem is a non-trivial example {17].

We can obtain more information about the orbit at (%, %ﬁ) by computing ¢ (s) in terms
of the Epstein zeta function for the dual lattice of the torus. Recall that the dual lattice
L* to a lattice L in R? is given by the set of x* € R? such that (x*,x) € Z for all
x € L. Itis shown in [2, Ch. II1.B] that the spectrum (with multiplicity) of the Laplacian
AV = — Z%:l (8/9x;)* on functions on the torus is given by (47 2|x*|2:x* € L*}. If L* is
spanned by a* = (1, 0), b* = (b, b2), then for x* = ma* + nb*, lx*|> = m? 4+ 2bymn =
(b7 + b3)n* = f(m.n). Thus

1 s ‘ s 1 5
La0(s) = (517) Z flm,n)™ = (H) LE 1+(5),

m.neZ
{(m.n)#(0.0)

where the last term is by definition the Epstein zeta function of the lattice L*.

Proposition 3.2. Let ¢p(s) = (g 1+ (s) denote the Epstein zeta function associated to the
lattice L*. Then the zeta function for A for the torus TE associated to the lattice L satisfies

7(s) = (1 + 27 @nH) ™ ¢els). (3.22)

Proof. The eigenfunctions for A? are given by
fee(y) = 270

for x* € L* [2, Ch. IIL.B]. Thus any function f € LZ(TLZ) can be expressed as

FO) =) axfey).

x*el*
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A smooth 1-form y = Zle u; (x)dx’ has the decomposition

WO = Y apfer(y). wa(y) = Y berfer (). (3.23)
x*el* x*el*
By the local expression for A given in Corollary 3.2, the eigenvalue equation for A becomes

2 % 8 o
= J — et — .
(Au)j = [i E ax? + 5%, ( E 3xi>] Auj. (3.24)

i=1 i=1

Substituting (3.23) into (3.24) yields

3 ant(x*Pafac +aBbe) foo =AY aw for,

x*elL*

3 an?(1x*Pbee + aBags + B2hes) fer =AY by frr,

xteL*
where x* = (a, B). Setting A/47? = 1, we find that the eigenvalue A satisfies
¥ —a? - ap
WP goul
Thus we have

w=Ix*%, 2]x*%.

Note that the zero eigenforms of A form a two-dimensional space, agreeing with our earlier
computation.
In conclusion, the zeta function of A is given by

Iy Ly
L(s)= Z (lx*124ﬂ2) +(8T[2|x*|2)

x*el*—{(0.0)}

1 2\—s§
:<1+5s— @r)y " Le(s). O

The value of {,.(0) is given in terms of the Dedekind eta function [11, Ch. 20]. However,
it seems difficult to determine lattices for which ¢ (0) is critical this way.

Since the volume element is formally given by the (square root of the) determinant of A,
by (3.10) and (3.21), it is natural to measure the stability of a minimal orbit by the second
variation 8,2\,‘ u det ‘A. For flat tori, by (3.10) and (3.19), E/(O) and ¢’ (0) differ by a constant,
so we may measure stability by 8,2\,‘ y det A, We will say that a minimal orbit is stable if
8% m¢'(0) = 0forall N, M.

Theorem 3.2. The orbit of the flat torus associated to (%, %«/5) is stable within the space
of flat tori of fixed volume.
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Proof. Set £(s) = Cp(s)[(s)(2m)™*. By [15, p. 75], £(s) has a minimum at the torus
associated to (%, %\/5) foralls € (0, %). (This uses the fact that L* = L for this lattice.)
Thus 0 < 5,2V‘Mg(s) forall s € (0, %). Substituting (3.22) for {g (s) gives

< Wy AN QINO)
254 MM
(471)‘ 2 1 5
2‘ T (5 M0 + WSN M "(0) + O(s°)) 5 + 1+ 0(s9)
(4m)*
=57 1(51\/ mt (0) 4+ O(s)).
Here we have used ¢(0) = —dimker A = -2 for all flat tori. Letting s go to zero gives
0 < 85 ¢/ (0). 0

The same argument for first variations gives another proof that this torus gives a minimal
orbit.

3.3. Orbits of varying type

While the case of generic orbits (and more generally families of orbits of fixed type)
treated in Section 3.1 is easiest to handle, minimal orbits often occur outside these cases.
In particular, in finite dimensions, it is an easy corollary of Hsiang’s theorem that orbits of
isolated diffeomorphism type are minimal submanifolds. The proof uses the exponential
map, which may not be available in our context. We now discuss how to handle orbits of
varying type in infinite dimensions. The main results are that orbits of isolated type are
minimal (Theorem 3.3) and that isotropy irreducible homogeneous spaces with invariant
metrics are minimal (Theorem 3.5).

Let A = Xg be the first non-zero eigenvalue of Ag. There is a neighbourhood of 0
in (Tg,Ogy)" such that %X is not in the spectrum of Ay .y forall N € U. For g =
go+aN (N eU,ae€l0,1)]),let P = P,y be go-orthogonal projection into the sum of the
eigenspaces of Ag with eigenvalues less than %X. Following [14, (5.17)], for T > 1 set

ET (s) = ET a(S)

T | oc
= o / 7 Trg, (e 4y dr + (g)/t“‘lTrg()(e"(A"“P"))dr.
0 T

Both integrals are now smooth functions of «. Note that £7(s) = ¢(s) if dim ker A is
constant near gg.
We have

ra — 8.7 ! ‘ =2 —tA
wErs = D =anErGs— D+ o [ 07y Tre D ar
T
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1 —
— | 7 2%5y Tr(e™ M) dr
(s — 1)/ wIre )
T

1 o
=— | 255 Tre 2y dr
r(s—l)/ vy Ire )
0

1 R —
———— [ By Tre AP dr
+ TG 1)/ ~n Tr( )

l —
- t‘Y—Z(S T —tA d[
T(s— 1)/ wIre )

T

=—(s—1)¢ RN S —t(A—P)
=~ = DEw ) + s [ 7w Tre @ P
T

1 —
| £ 25y Tr(e ) dr.
1“(.;—1)/ NTr(e %)

T

Here we have used the part of (3.7) which does not assume that the kernel has constant

dimension, and we recall that 8§y Tr(e™* Z) has exponential decay at infinity by the remarks
after (3.5). Thus

o0

— — 1 — =
BNCris =1 === DinG) = gy / F28y Trgy(Pe ') dr. (3.25)
T

Moreover, the last term in ¢ 7 (s) is zero at s = 0, while plugging in the asymptotics for

Tr(e~*4) into the first integral yields

- - — / trayn, neven,
{70y = ¢(0) +dimker A =

0, n odd.

We now extend the definition of TryII for orbits of arbitrary type.

Definition.
i T ST (0
) (A 0)
Try 11 = lim 51 Tr, (e ALy Lydr — VT
W= T / Tgof vOdE =559
L 0
T Sn(Z(0) + dimker A
. Py £(0) + dimker A)
=1 P Trg, (e AL*Vy L) dt + =~
sLml e / Tao( vL) 26— 1)
L 0
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As before, we may replace A with A. Since (3.4) is unchanged, by (3.25) we get

| —Snir(s —1
Try = — o i | —o¥ér6 =D
2 s—1 s -1

oC —_
1 2 — A Iner(0)
| %y Tr(Pe ) dr 4 T
+ (s—l)r(s—l)/ yIr(Pe ) de + =
T
o0
st = L sy TePeP) d 3.26
~2NCT() 5 7oy Tr(Pe™ 7 drt. (3.26)
T

(It is shown in [14, p. 200] that 85 Tr(Fe“’Z) has exponential decay at infinity.)
Theorem 3.3. An orbit Oy, of isolated diffeomorphism type is minimal.

Proof. The isometric action of the stabilizer S, on M induces an action on T,,O,,. still
given by ¢ - v = ¢*v, which is easily seen to be unitary. Thus S, acts unitarily on X =
(Tgoog())L'

Since M is compact, S, is a compact Lie group, so X splits into a sum of finite di-
mensional irreducible representations X; of Sg,. On each piece we can define Trll|x, =
Zj (Trw, IHN;, where {N;} is an orthonormal basis of X;. Tr 1|, is of course independent
of the choice of this basis, so for all ¢ € Sy, TrHllx, = >_;(Trap(n,) ID d@ (N;). But by
(3.26) Try II = Trggn) 1L, since A stays isospectral under the action of ¢ (cf. [14,(5.23)]).
Thus Tr 1| x, is fixed by Syo:ie. Tril|x, = de(Trlllx,).

If Oy, is not minimal, then Try, II # O for some Ny € X, and hence on some neighbour-
hood of Ng in X. The vector space spanned by the {N;},i = 1.2...., is dense in X, and
so Trll|x, # O for some i. (If we knew that N — Try Il were continuous in N, then from
Try, I # 0 we could directly conclude TrII|x, # O for some i.)

Set Triljx; = A. We now claim that the orbits (¢, 4 are diffeomorphic to O, for all
€ > 0; this contradicts the isolation of Og,. Note that for all ¢ € D

d d
dp(A) = — o (g0 +aA) = — P g0 +ap A =7 A,
do |,—g da |,

o=

s0 @™ (go +€A) = ¢*go+ e dp(A). Thus Ogyrca = Oprgorepia). Also, since dp(A) = A,
we have ¢*(go + €A) = go + €A iff ¢ € Sg,. Thus Ogyqea = D/Sgy = Oy, O

Theorem 3.4. The orbits of the following metrics are minimal within the space of metrics
of fixed volume:

(i) the standard metric go on S";

(ii) the standard metric g1 on RP".
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Consider the product metric ds* @ go on S' x 8", where /. 5l ds? = 2n. Consider the
space M’ of all metrics on 8 x " except diffeomorphism orbits of metrics € ds* @ ¢'/" g,
for € > 0. Then the orbit of ds* @ go is minimal within M. The same statement holds for
ds> @ gy on S' x RP".

Proof. S" and RP" with their standard metrics are the only compact n-manifolds of fixed
volume with isometry group of dimension n(n + 1)/2 [9, Theorem 3.1]. Thus these or-
bits are isolated. S! x §”, ' x RP", with metrics o ds? @ Bgo, o ds®> @ Bgy, are the
only compact (n + 1)-manifolds with isometry groups of dimension %n(n + D+ 1[9,
Theorem 3.3]. If we set @ = B8 = 1 and exclude other metrics of the same volume, then
these orbits are minimal. O

We now produce a much larger list of minimal orbits (including the standard metrics on
symmetric spaces) by replacing the non-natural ¢ 7 (s) with its natural analogue.

Let Ap be the first non-zero eigenvalue of Ap, and let P = P, denote g,-orthogonal
projection into the eigenspaces of Ay lying below %Ao. Set

r(s) ={r.a(s)

1
T I(s)

T [ o0
/ﬁ—‘Trga(e—’Au)dt e /r‘—‘Trg(,(e”ma"’a’)dt.
0 T

For o close to zero, both terms on the right-hand side are smooth in «. By (3.16) and (3.25),
we get

o0

1
Sner(s — D=—(s — Dinls) — m/ts_zsN ng,,(Pae_[Au)dt

T

=—(ts-D]|T (s)——l—ftHTr (Be "4 — BP)dt
N Fs—1 20
0

o0
] __2 —
—1_‘_(3"_—1—)‘/t‘v ISN Trga(Pae rAm)d[
T

o
f r* "2 Try (Be "4 — BP)dr
0

-1

— s
=6yl (s -1+ _——I"(s s

o0
l _ —
+ ———F(s D /tS'ZSN[TrgO(Pae_’A“) - Trga(Pae_’A“)]dt.
T
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Thus by (3.26) (and omitting the «’s),

| -5 1
Tey = — = lim —onrs =D

s—1 s—1

00
1 §—2 —tA
+ m/[ TrgO(Be ! — BP)dt +
0

oC

| -
—5/1“5N[Trg0(Pe*fA) — Trg, (Pe™'“)]dr

T
1 oC
-E/t_lé;v Tre,(Pe'4) dr.
T

We now make the third term in the above limit more natural. We have

SN (0 1 -
M: — (s — DT p () s=1
s — 1 s—1
I T = A
- F(——l)/ 1728y Trgy (Pe™' %) drl =)
T
1
= — (s = DCN(S)s=1
s—1
(s=1 i s— -
oo /! 2 Trgy(Be™'4 = BP)dt|s—)

0

1 oC
- F(YT]-)‘/[S_Z(S,, Trgo(?eirA)dflszl
T

Now we know (1/I°(s) [~ 7! Tr(Be "4 — BP)dt|s=0 is finite, so

o0
s—1
2 | F2Tr(Be A — BP)dt|yy = 0.
Fs—1
0

Thus by (3.25) for {7 (s),

o

SnET(0) _ 1

SnC7(0)

343

(327

|
— |9 — Dlsmt + =——— | t* 7285 Try, (Pe ") dtl=
s —1 s—1 NET (s Ms=1 + 1"(5_1)/ ~ Trg, ( ydtle—

T
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o0
—/FISN TrgO(Fe_tZ) dr
T
e o0
_ 51;I§T(10) +/t_’51v Trga(Pe'fA)d[—/t_lﬁN Tr,, (Pe ") dr.
4 T

Substituting this into (3.27) yields
[*SNQ“T(S -, 3N§T(0)]

s—1 s—1

Tey 1=~ lim

s—1

1
T 2I0(s)

o0
/r‘“ Trg,(Be™'4 — BP)dt|s—
0

1 o0
—E/zvlaN Trg, (Pe ") dr.

T

Plugging in the Taylor series for {7(s — 1) near s = 1 as before gives
! I
—1 —1A
Try = 581\;{}(0) - m/ﬁ Trg(Be ™2 — BP)dt|s—o
0

X0

] _ —

—E/I_ISN Trg, (Pe™"4) dr. (3.28)
T

Recall that a homogeneous space G/H is called isotropy irreducible if the linearized
isotropy representation of the identity component of H on Tj1q)(G/H) is irreducible. A
complete list of simply connected examples other than symmetric spaces was given by
Manturov, Wolf and Kraemer, see e.g. [10,19].

Theorem 3.5. Let M = G/H be an odd dimensional simply connected isotropy irreducible
homogeneous space with its G-invariant metric go of volume 1. Then Oy, is minimal within
the space of all volume one metrics.

Proof. In odd dimensions, we have by (3.18) and (3.28)
[e.)
1 , 1 1 -1 Ba—tA
Try Il = EaN;T(O) + ETr(BP) 3 t 8y Tr(Pe " “)dr.
T
Now 71 4(s) is a natural Lagrangian in the sense that it depends naturally on the metric
g« except for the term P,, which depends on the non-natural Ay. However, thinking of A¢

as just a universal constant shows that {7 ,(s) is a smooth natural Lagrangian for metrics
g near go. (It will fail to be smooth for metrics on manifolds with %ko in the spectrum



Y. Maeda et al. / Journal of Geometry and Physics 23 (1997) 319-349 345

of A.) This is enough to apply Bleecker’s theorem [3] that invariant metrics on isotropy
irreducible homogeneous spaces are critical for natural Lagrangians. (In brief, the gradient
vector for this Lagrangian at gg will be a G-invariant symmetric two-tensor on G/ H and so
by hypothesis will be a multiple of the metric. Since we consider metrics of fixed volume,
this multiple must be zero.) We conclude that 5¢7.(0) = 0 for all N € (Tg,Og)t. Thus
for these N,

oC
1 1 — = 1
Try I = =Tr(BP) — = lim /I_ISN Tr(Pe '4)dt = ~Tr(BP).
2 2 T—o0 2
T

We now show that Tr(BP) = 0. By [19, Theorem 17.1], the identity component
of the isometries of G/H is given by multiplication of cosets by elements of G. (For
s’ = Spin(7y/G2 = SO(8)/S0O(7), we choose G = SO(8).) If {p;} is an orthonor-
mal basis of g, the Lie algebra of G, then ker A is spanned by {P;}, where (P;) .y =
(d/dt)|;=olexpg tpi)g H. This basis is L2-orthonormal, as

(P, Pj) = f ((d/dt)|;=o(expg tpi)g H, (d/dt)|;—o{expg tpj)g H)gn dvol
G/H

= f {(d/dr)|;=o(expg tpi). (d/dH)li=o(expg tp;)) g dvol
G/H

= f {(pi, pj)dvol = §;;
G/H

by the G-invariance of the metric.
Tr(B P) has two terms, one of which is the trace of the pointwise multiplication by tr(N).
This term contributes

> “{tr(N)P;. P) dvol = (dim q) / tr(N) dvol = 0,
G/H ! G/H

since N is infinitesimally volume preserving. The second term A contributes

f Z glmglcha(p,g(bim dvol

G/H !
if P; = ¢¢9, locally. At a point we can of course take 3, = P, in which case g;; =
8ij. P¢ = & and the integrand becomes ) ; N;; = tr(N). Thus the second term also
contributes zero. O
Remark. From the proof we see that 0 = Try Il = —% St sy Tr(Pe~'3), which

implies that & Tr(Fe_’Z) = 0. Thus gg is critical even for this non-natural Lagrangian.
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3.4. Local computations

In this section we will produce the asymptotic expansion for e ~'4, e ™4, Of course the
existence of the asymptotic expansion is immediate once we check that A, A are elliptic
(Corollary 3.2).

So fix a metric gg with associated Levi-Civita connection V and Ricci curvature tensor
R;; dx’ ® dx/: we raise and lower indices using go. Pick u = u"a,- e 'TM),w =
wap dx? ® dxter (S 2T*M). Recall that we compute L, A with respect to another metric
g. Set g = /det go, u = /det g.

Lemma 3.2. In local coordinates we have
(Lu)ab = (Vau)p + (Vpt)a,
(L*w)* = —2V%af,
(T w)* = ~2(80)"“ VP,
Ho
(Aw)* = =2((V*Vpu)® + (VVpu)? + Riu®),
— u 4 u
(Au)" = =2(80)" — (V" Viu); — 2(80)* — (Vs VPu)p, + 2(80)* ~— RPuy,.
1o 1220] Mo
Proof. For completeness, we include a proof of the well known first statement [9, I12].
Given a vector field X, let Lx denote Lie derivative. Define a derivation on tensors by Ay =

Lx — Vyx; on vector fields we have AxY = —Vy X. Let ¢, be a family of diffeomorphisms
of M with ¢p = Id, (d/d?)|;=0¢; = u. Since the metric is parallel, we get

(Lu) *(d
U)ab = E‘t"

= (Au8)(3q. Op)
= Au(g(aa’ ) — g(Auaa’ dp) — g(aa, Ay 0p)
=g(Vau, dp) + g(34, Vpu),

¢,*g) (0a, 3p) = (Lug)(0a, )
=0

since A, vanishes on functions. The last line equals
(Vaut)' gib + (Vou)' gia = (Vawlp + (Vpu)a.

For the second equation, we have

(Lu, ) = / (Vai)s + (Vpit)a)a ® O, weade ® 3a) dvol
M

= /((Vau)b + (Vpu))w?® dvol
M
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=-2 / up Va0 dvol = -2 / UV, (@ g") dvol
M M

= —qu(-gb“Vawg dvol = —2(u, g™V, af).
M

Thus (L*w)¢ = —ZVba)Z.
For the third equation, starting as above we get

(Ly. w)y = f (Vat)p + (Vpu)a)weag“ g dp
M

= —2fuag"'l Vcwlbg“b dy = —2/u“g"l Vewrs dp
M M

n
= —2/ us(go)s:(go)wgdv(:wlu% duo
M

= <u, —2(g0)" g valvi> :
"o
Thus
T w) = ~2(20)" V',
Ho
For the fourth equation, we compute
(Au)' = -2V (Lu)}) = —=2V" (" gpa Ve’ + g gea Vi)
= =2V (gpgVu? + Vpu®) = —2(V*Vpu' + gpa V' V4u)
=—2(VPVpu? + gba(V*V? + R))u
= —2(VOVpu® 4+ VVuu’ + Riub).
We leave the proof of the last statement to the reader.

The following is a straightforward consequence of Lemma 3.2.

Corollary 3.2. The symbol of A is given by

o(4) = =2(po(x, §) + p1(x, §) + pa2(x, §)).

where p; (i =0, 1, 2) is homogeneous of degree 2 — i in & and is given by
pa(x, £) =[|E1°8] + £°&1,
pi(x,£) =i[38"" [\em + 8" [, 685 + 8" [t + 8™ 1801,
polx. &) = —(gma Ik, + gy — g™ Iy I + g™ I T, + R}

347
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In particular, A is elliptic. Thus A = Ay is elliptic for a close to zero.
Note that the principal symbol of A is not scalar as for usual Laplacians.

Proof of Proposition 3.1. By the ellipticity of A and {6, Lemma 1.7.4], Tr(e™'4) has
an asymptotic expansion Y, Axt¥~®/2) and hence so does Tr(Be™'4). Moreover, the
coefficients Ay are integrals | v @ of polynomials in the jets of the symbol of A. Since
these polynomials are independent of coordinates, by a standard argument the a; must be
polynomials of curvature expressions and their covariant derivatives (and constants). In
particular, the asymptotic expansion of Tr(tr(N)e~"4) is just 3", Bxt*~®/? where By =
/, y T(N)ay. For the term by )2, a homogeneity count shows that no constant terms appear.
Similarly, for the term A in B given before (3.16), the asymptotic expansion of Tr(Ae ~'4)
has coefficients which are integrals of expressions involving N and curvature terms. The
important point here is that no derivatives of N occur [6, Lemma 1.7.7]. Thus if R denotes
a generic curvature term, b, 2 will also contain terms of the form tr(N) R, as well as terms
given by contracting indices in N against indices in R and then contracting all remaining
indices. g

Acknowledgements

The first author would like to thank The Erwin Schrédinger International Institute for
Mathematical Physics for its hospitality during the writing of this article.

References

[1] M. Arnaudon and S. Paycha, Regularisable and minimal orbits for group actions in infinite dimensions,
Commun. Math. Phys., to appear.
[2} M. Berger, P. Gauduchon and E. Mazet, Le Spectre d’une Variété Riemannienne, Lecture Notes in
Mathematics, Vol. 194 (Springer, Berlin, 1971).
[3] D. Bleecker, Critical Riemannian manifolds, J. Differential Geom. 14 (1979) 599-608.
[4] D. Freed and D. Groisser, The basic geometry of the manifold of Riemannian metrics and of its quotient
by the diffeomorphism group, Michigan Math. J. 36 (1989) 323-344.
[5] O. Gil-Medrano and P. Michor, The Riemannian manifold of all Riemannian metrics, Quart. J. Math.
Oxford 42 (1991) 183-202.
{6] P.B. Gilkey, Invariance Theorem, The Heat Equation, and The Atiyah-Singer Index Theorem (Publish
or Perish, Wilmington, 1984).
[7]1 W.-Y. Hsiang, On compact homogeneous minimal submanifold, Proc. Nat. Acad. Sci. USA 56 (1966)
5-6.
[8] C. King and C.-L. Terng, Submanifolds in path space, in: Global Analysis in Modern Mathematics, ed.
K. Uhlenbeck (Publish or Perish, Houston, 1993) pp. 253-282.
[9] S. Kobyashi, Transformation Groups in Differential Geometry (Springer, Berlin, 1972).
[10] M. Kraemer, Eine klassifikation bestimmter untergruppen kompakter zusammen-haengender
liegruppen, Comm. Algebra 3 (1975) 691-737.
[11] S. Lang, Elliptic Functions (Springer, New York, 1987).
[12] H.B. Lawson, Jr., Lecture on Minimal Submanifolds (Publish or Perish, Berkeley, 1980).
[13} K. Lin, On modular invariance and rigidity theorem, J. Differential Geom. 41 (1995) 343-396.



Y. Maeda et al./ Journal of Geometry and Physics 23 (1997) 319-349 349

[14] Y. Maeda, S. Rosenberg and P. Tondeur, The mean curvature of gauge orbits, in: Global Analysis in
Modern Mathematics, ed. K. Uhlenbeck (Publish or Perish, Houston, 1993) pp. 171-220.

{15] H. Montgomery, Minimal theta functions, Glasgow Math. J. 30 (1988) 75-85.

[16] H. Omori, Infinite Dimensional Lie Transformation Groups, Lecture Notes in Mathematics, Vol. 427
(Springer, New York, 1975).

[17} R. Palais, The principle of summetric criticality, Comm. Math. Phys. 69 (1979) 19-30.

{18] J.-P. Serre, A Course in Arithmetic (Springer, Berlin, 1973).

[19] J.A. Wolf, The geometry and structure of isotropy irreducible homogeneous space, Acta Math. 120
(1968) 50-148: correction, Acta Math. 152 (1984) 141-142.



